Extracting moving objects from a video sequence and estimating the background of each individual image are fundamental issues in many practical applications such as visual surveillance, intelligent vehicle navigation, and traffic monitoring.
Introduction
Moving object detection and background estimation are fundamental in various applications of computer vision and robotics such as visual surveillance [1] , traffic monitoring [2] , vehicle tracking and navigation [3] , and avian protection [4] . Many methods have been proposed to extract objects from a sequence of images with a stationary camera [5] , [6] or with a moving camera [7] , [8] , [9] .
These methods can be grouped into different categories. Motion-based methods [10] , [11] are one category where motion information of the image pixels is used to separate the foreground from the background. These methods work based on the assumption that foreground objects move differently from the background. Therefore it is possible for these methods to classify pixels according to their movement characteristics even in the case of significant camera motion.
However, these methods require a point tracking algorithm to identify the foreground, which can be difficult especially with large camera motion [12] . Also, they are limited in dealing with dynamic background or noisy data [13] .
Another popular category for moving object detection methods is background subtraction [14] , which compares the pixels of an image with a background model and considers those that differ from the background model as moving objects. Thus, building a background model plays a critical role in background subtraction methods. Some conventional algorithms for background modelling are single Gaussian distribution [15] , Gaussian mixture model [16] , and kernel density estimation [17] . These methods model the background for each pixel independently and so they are not robust against global variations such as illumination changes. Recently, a new approach to background modelling, namely low-rank matrix approximation, has been developed to tackle the problem of background modeling [18] . This approach is based on the observation that the background model in an image sequence can be defined by those pixels that are temporally linearly correlated [19] . By capturing the correlation between images it can naturally handle global variations. Algebraically speaking, if an image is vectorized in a column and all images are concatenated into a 2D 2 matrix, then the columns are dependent and its low-rank matrix represents the background model of the images. As a result, the background modeling problem is converted to the low-rank approximation problem. In general, by decomposing an input matrix of vectorized images into a low-rank matrix and a sparse matrix, the low-rank and sparse matrices correspond to the background model and the foreground objects in the image sequence respectively. Our COROLA algorithm described in this paper adopts the low-rank approximation approach.
We will detail representative algorithms in this approach in Section 2.
Existing background subtraction algorithms based on low-rank approximation operate in a batch manner; i.e., all images whose background model is to constructed are first collected and then used to build a data matrix whose lowrank approximation is computed. This unfortunately limits the application of the low-rank approximation approach in terms of its efficiency and accuracy. In this paper, we offer an algorithm, COROLA, that performs low-rank approximation in a sequential manner so that its complexity does not grow with the number of images in the sequence. In addition, through image registration, our algorithm is able to handle the case of a moving camera due to the adaptive nature of the background model that is being learned. The main contributions of this paper are as follows.
1. We propose an online formulation of the low-rank approximation algorithm for foreground object detection. The proposed formulation enables online application without requiring an entire image sequence, as in the batch formulation.
2. COROLA uses a fixed window of images to perform low-rank approximation and so it is useful for continuous operation, which cannot be achieved by the batch formulation due to matrix decomposition and memory storage.
3. In the case of significant camera motion, a batch formulation has the limitation that the first and the last images of a sequence must be similar to find the low-rank matrix. However, in the case of a moving camera, there is in general no similarity between the first and the last images in a sequence. Our proposed COROLA algorithm does not require a stationary background.
3
The remainder of the paper is organized as follows. Related works on foreground detection via low-rank and sparse decomposition are summarized in Section 2. Section 3 explains the details of COROLA for foreground detection and background estimation, followed by the introduction of our online formulation via greedy bilateral sketch [20] . Experimental results and discussion are presented in Section 4, followed by concluding remarks in Section 5.
Foreground Detection via Low Rank and Sparse Decomposition
In recent years, many algorithms have been developed for foreground detection based on low-rank matrix approximation with robust principal component analysis (RPCA) [21] . RPCA decomposes a given matrix D into low-rank matrix L and sparse matrix S called outliers. Different techniques exist for low-rank approximation including augmented Lagrangian multiplier (ALM) [22] , linearized alternating direction method with an adaptive penalty (LADMAP) [23] , and singular value thresholding (SVT) [24] . All of these techniques need all the data in a batch optimization, in order to compute the low-rank matrix and the sparse outliers. Due to batch processing, the following two problems occur: memory storage and time complexity. In continuous monitoring tasks or video processing, if matrix D is built with a large number of images memory storage will be a problem [25] . In addition, by increasing the size of the input matrix D, time complexity for the matrix decomposition is also increasing.
To address the problem of time complexity, some efficient algorithms have been proposed. Zhou et al. proposed a method for RPCA using bilateral random projections (BRP) which is called "Go Decomposition" (GoDec) [26] . Semi-Soft GoDec (SSGoDec) and Greedy SSGoDec methods [20] are extensions of GoDec to accelerate it. Although these algorithms reduce the computation time of lowrank approximation, they still are not satisfactory for applications such as visual surveillance and robot navigation due to their batch formulation. In many applications, online processing is critical and batch methods are infeasible. One of the best known batch processing algorithms is the "detecting contiguous out-4 liers in the low-rank representation" (DECOLOR) method [27] . This method uses a priori knowledge of the foreground objects that they should be connected components of relatively small size. Using this constraint in the method, DE-COLOR provides promising results; however, due to batch processing, it still suffers from memory storage and time complexity problems. Furthermore, in the case of a moving camera, the current image is no longer similar to the first images in matrix D, and therefore this kind of low-rank approximation methods cannot detect foreground appropriately. In general, batch processing methods cannot operate on a continuous basis and cannot deal with a moving camera.
Although, DECOLOR has introduced an implementation for moving camera, it only works for short video sequences with small camera motion.
To overcome the limitations of batch processing methods, Feng et al. [28] proposed an online robust principal component analysis via stochastic optimization (OR-PCA) and Javed et al. [29] used this technique for online foreground detection. Their method first extracts outliers from each image using OR-PCA and then uses Markov Random Field (MRF) to improve the quality of foreground segmentation. However, they did not solve the problem of foreground detection within a unified single optimization framework, i.e., MRF is only applied once to improve the outliers of OR-PCA and basically there is no alternating learning algorithm to learn from the MRF outputs to update the OR-PCA, thus the reported performance is not competitive with respect to the literature.
In this paper, we introduce a novel non-convex closed-form formulation for detection of moving objects named (COROLA). It solves the challenges mentioned above in memory storage and time complexity. COROLA is also able to extract moving objects using a moving camera on a continuous basis, which cannot be achieved in general by a batch processing method especially in the case of large camera motion.
Online Moving Object Detection by COROLA
In this section, we focus on online detection of moving objects for both static and moving cameras. We first formulate the problem of background modelling and foreground object detection and then our COROLA algorithm, which computes the low-rank approximation sequentially, is described in details.
Notations and Formulation
Let X j ∈ R m be the j th image in a sequence, expressed as a column vector 
Also, we use the function P S (X) ∈ R |S|0 to construct a vector of at most m foreground pixels of image X. Note that L 0 -norm |S| 0 equals the number of non-zero elements in S. In a matrix with more than one column, P S,: constructs multiple columns each by applying P S to a column in the input matrix.
With the above notations, the problem of background modelling and foreground object detection via sequential low-rank approximation and contiguous outlier representation solves the following optimization problem.
where X ∈ R m is an observed image, r is upper bound on the rank of the basis matrix U ∈ R m×r , and V ∈ R r is a coefficient vector. Φ(S) means the difference between neighboring pixels and it is computed by Φ(S) 1 =
and E is the neighborhood clique. The objective function defined in (2) is nonconvex and involves both continuous and discrete variables. The first term tries to compute the low-rank representation of input image X by first expressing it 6 as a linear combination of the background image U and then penalizing only the foreground pixels using extraction function P S . The second and the third terms of (2) find continuous and small outliers to represent foreground mask. Specifically, the second term imposes a sparsity constraint on the foreground mask S;
i.e., the foreground pixels should be few. The third term imposes a connectivity constraint on mask S to account for correlation between neighboring pixels of an image. By minimizing (2) we can estimate the best low-rank representation of an input image and detect foreground objects, accurately. However, solving this joint optimization in one step is difficult. Therefore, people use a two-step alternating optimization procedure by separating it to low-rank approximation involving U and V and contiguous sparse optimization involving S to obtain background estimation and foreground detection, respectively. In the first step people treat (2) as minimization over U and V , for which we introduce an online approach via greedy semi-soft GoDec (Gre-SSGoDec) method rather than the SOFT-IMPUTE algorithm [30] in batch methods. In the second step, minimization over S is conducted. In addition, we use the combination of Gaussian Mixture Model (GMM) and first order MRF with binary labels in the second step.
Online Low-Rank Approximation
In this section, we describe our sequential method to compute the low rank background model of an image sequence and the foreground as its sparse outliers, in a way that is suitable for continuous and real time operation. Let L = U V be a low rank structure of the data matrix D defined in the previous section.
In a batch method, matrix D is factorized to compute L. Factorization is computationally expensive for a large D, especially for continuous estimation when the number of images in D increases. In our sequential formulation, we adopt an online updating approach instead for optimization over U and V , (2) 7 can be rewritten as:
Initialization
Step: With a small number of first those images at the beginning of a sequence no fewer than the rank of the background model, we initialize U and V with a batch method. Since this step is performed only once, the complexity of using a batch formulation is not an issue. Now to solve (3) we use the following three steps, repeatedly on the remainder of the image sequence or indefinitely on a video feed.
Step 1: Because every two consecutive images in a sequence are similar, we can update coefficient vector V (or U ) for the current image via background model U (or V ) computed for the previous image. To update V with the previous U , (3) can be changed to:
where X j ∈ R m is the current image. By fixing U j−1 , (4) is a least squares problem and can be solved bŷ
where (.) † is the Moore Penrose pseudoinverse [20] .
Step 2: We use the same approach as in [28] by defining two auxiliary parameters A ∈ R r×r and B ∈ R m×r in which to keep the information about V and U as follows:
whereĀ = A j−1 andB = B j−1 for the first iteration orĀ = A j andB = B j for further iterations. In contrast with [28] we update B, only for those pixels that have foreground supprot s i = 1. Therefore, the number of rows in B is variable and equal to |S| 0 in each iteration. In this step additive A and B save 8 all previous information of U and V and are updated for the current image.
By increasing the values of A and B, the obtained background model becomes stable.
Step 3: Based on the obtained V j , A j and B j , we update U j for the current image as follows [28] :
where U = P S,: (U j−1 ) means we updateÛ j for those pixels that have foreground mask s i = 1. For the first iteration, s i = 1 for all pixels of the current image and so the number of rows in B j andÛ j is the same as that in the input image; subsequently, the number of rows decreases in succeeding iterations as the foreground area is decreased. (7) can be solved with a simple iterative algorithm presented in [28] . Since COROLA is an iterative algorithm based on (2) and the size ofÛ j and B j is changed in each iteration, in this implementation we keep j . However, foreground detection depends on the obtained S from the second step of solving (2) , and the algorithm continues to iterate until the convergence criteria are met. Because for dynamic backgrounds, outliers are combination of the foreground object and moving parts of the background as noise (i.e. see waves). These moving parts do not affects on background model, but they create many false positive in the foreground mask S. We will explain the convergence criteria after solving the second step of (2).
Online Foreground Detection
Now we investigate how to compute foreground mask S given the obtained residual E j = X j − L j (L j is computed in background modeling in the previous section). The goal now is to find indicator vector S on E j . Assuming that the foreground objects are relatively small connected components, we can model 9 the foreground mask S by a Markov Random Field (MRF) [31] . Let graph G = (V, E) where V is the set of vertices that correspond to the pixels of an image and E is the set of edges that connect neighboring pixels. Then, by defining an energy function of S i∈V
which is called "Icing model" in the literature, and an example of MRF, we can derive the foreground mark S. The first and the second terms impose sparsity and continuity on S, in a way that is similar to the second and the third terms of (2) and shows that S can be modeled using MRF [31] . However, extracting foreground objects from E, which is combination of outliers and noise, would not be accurate especially in noisy environment like dynamic backgrounds or when using a moving camera. In most cases we need to separate reliable outliers representing true foreground from noise in estimating foreground support S. In our applications, noise comes from a complicated and dynamic background such as waving trees or sea waves and we have to classify them as background.
Here, we describe outliers with a Gaussian model N (µ, σ 2 ). Using this model on the outliers enables us to control the complexity of the background variations and also amplifies the true outliers against noise using (9). In our study, adaptive Gaussian Mixture Model (GMM) [32] is used for each component of E to separate the outliers from noise. As in most of the cases, three Gaussian components are sufficient in modeling E to separate foreground F from noise [32] . Fig. 1 shows the effect of using GMM on E for dynamic backgrounds. The middle figure shows the obtained residual E. After obtaining E, we normalize it and extract outliers F from noise using Gaussian model (right figure) . So, to solve the second step of 2, we prepareÊ with a simple update rule as follows:
where E j = X j −L j and F j is obtained outliers using GMM on the current image (j th image of the sequence). α ∈ [0, 1] is a constant that controls the magnitude of noise so that small α would be used for noisy data (i.e. for moving cameras).
In all of our experiments α = 0.1. Now we can solve the second step of our optimization problem that extracts moving objects from outliers, and (2) can be rewritten as the following equation to minimize the energy over S via obtained outliersÊ.
The first term of (10) is constant and therefore (10) is the first order MRF with binary labels (the same as (8)), which can be solved using graph-cut [33] , [34] .
The result of (10) is the binary mask S, which indicates the foreground pixels of X j . So far, the first iteration of (2) is done and based on mask S, the next iteration starts from (4). In our experiments, COROLA converges in approximately r iterations where r is the rank of data in the sequence. In Algorithm 1, all steps of COROLA are summarized.
Online Moving Object Detection with a Moving Camera
In this part, we extend our moving object detection method to the case of a moving camera. As we mentioned in Section 1, due to the dissimilarity between the first and the last images in a sequence, a batch method is not able to deal If t = 1
8:
end If
12:
14:
Compute cost of assigning labels usingÊ j to optimize S 17:
18:
If t = 1, Output:
19:
29: end for with continuous processing using a moving camera. However, in online methods the background model is dynamic and dissimilarity problem does not occur. In our method, we build the background model for the current image and based on a transformation function between the current and the new image, the model is transformed to be matched with the new image. Then we can update it for the new image to detect the foreground objects. Note that the background model is transformed through the time. So the problem of using a moving camera is the transformation of the low-rank structure to the new input image.
To show the capability of our method in comparison with the DECOLOR method, we use the same image transformation parameters as DECOLOR. Let τ j be a transformation that maps X j−1 to X j . This transformation is obtained from an affine transformation estimated from their 2D images. We also assume X j−1 =Û j−1Vj−1 and there is no changes into both images except for affine transformation and so X j = τ • X j−1 . For the sake of brevity, we state without proof that the following equation allows us to reconstruct the current view X j from the background model and the registration transform τ j .
From (11) the transformation only changesÛ . In fact, we just need to transform B via τ only once for the first iteration of each input image whereŪ j−1 = τ •U j−1 andB j−1 = τ • B j−1 . In (6), A remains unchanged, becauseV is independent from τ . Based on the above assumptions and (11), U j =Ū j−1 and V j =V j−1 .
After the transformation, some elements ofŪ j−1 andB j−1 , which are related to the pixels on the border of the current image, have no corresponding pixels and we have to estimate them using other pixels. To solve the problem, first we normalize bothŪ j−1 and the current image to [0,1]. Then, using X j and V j−1
(or V j ) we estimate missing pixels ofŪ j−1 with replacing by the corresponding values obtained from [20] as follows and ensure they lie in the correct range.
For estimating missing pixels of transformedB j−1 , we normalize bothB j−1 (from (6)) and ensure they lie in the correct range.
Based on the experimental results, this approach can estimate missing pixels of U and B after transformation. In addition, the GMM for the previous E j−1
should be transformed via τ to match with the current E j . After transforming U ,B, we can apply the COROLA method for a static camera to build the background model and detect the foreground objects. Fig. 2 shows a sample image and its computed background model and extracted moving object via COROLA and also the intermediate results.
The complexity of our sequential low-rank approximation by COROLA consists of contributions from three major steps. The computational complexity of the first step is O(mr). The second and the third steps of the low-rank approximation in our model are O(r 2 + mr) and O(mr 2 ), respectively. Therefore, the overall complexity of COROLA for the low-rank approximation step is O(r 2 + mr 2 ).
Experimental Results
In this section, we perform two sets of experiments on synthetic data and real datasets and show quantitative and qualitative results. For quantitative evaluation, we use pixel-level precision and recall, which are defined as follows:
where TP, FP, TN, and FN are the numbers of true positives, false positives, true negatives and false negatives, in pixels, respectively. Also, instead of using precision-recall curves, we use F-measure to show the overall accuracy.
F-measure = 2 precision × recall precision + recall (14)
Synthetic Data
In this set of experiments, we use synthetic data to control noise and to show the capability of the COROLA method. The synthesized images are 30 × 100 pixels (m = 3000). We use n = 200 images.
To visualize the results we show all images in a 2D matrix where each column shows one image of the sequence. We generate the input data D by adding a foreground to a background matrix B. For generating the foreground and background we use the same approach as DECOLOR method. The background matrix B = U V is generated via U ∈ R m×r and V ∈ R r×n with random samples from a standard normal distribution. An object with a small size is superimposed on each image in matrix B, and shifts from left to right of the images by one pixel per image, until the right border of the image. The motion direction of the object is then reversed, and the process repeats. Fig. 3(b) shows some selected images. The intensity of this object is independently sampled from a uniform distribution. Also, we add i. We test the COROLA method and compare it with DECOLOR in terms of different SNR ratios, different ranks of matrix, and different sizes of the foreground object. One sample of our experiments with different SNR ratios between COROLA and DECOLOR methods is shown in Fig. 4 . In the first row of Fig. 4 , with SN R = 10 both COROLA and DECOLOR methods have roughly the same results for extracting the foreground object, but when we increase noise in the second row (SN R = 1), COROLA method works better than DECOLOR in extracting the moving object. That is mainly because, using GMM to compute the coefficients of outliers plays an important role to separate the foreground object from noise. Tuning up the outliers coefficient via GMM enables us to separate noise and outliers especially in a noisy environment and the result becomes more and more accurate over the time.
To evaluate COROLA in comparison with DECOLOR, we tested the effects illustrates the capability of our method is comparable with DECOLOR in terms of average F-measure. Although, the result of DECOLOR method is a little more accurate than COROLA for large objects, by reducing the size of object, COROLA generates a better result than DECOLOR even when we increase the rank of matrix D from 1 to 5.
Real Data
In this section, we use real datasets to conduct quantitative and qualitative evaluation of COROLA and compare it with DECOLOR, MOG, SSGoDec, and ORPCA+MRF. The real datasets used are popular in moving object detection and publicly available, and they include 'Change Detection' [35] , 'I2R' [36] , and 'Wallflower' [37] . Table 1 shows the length and image size of these datasets. Fig. 6 shows the qualitative results of COROLA for background estimation and foreground detection for all sequences of Table 1 . Fig. 6 also shows the role We also compare COROLA quantitatively with other methods. Table 2 compares COROLA with MOG, SSGoDec, and DECOLOR in terms of F-measure.
Evaluation by accuracy
In most of the cases COROLA is comparable with DECOLOR; however, for three sequences Fountain, Canoe and Overpass COROLA works much better than DECOLOR. Because in these sequences the objects move very slowly (i.e.
Canoe) or stop for a long time (i.e. Overpass and Fountain) and DECOLOR mistakes the static foreground into the background model. In contrast, COROLA
shows acceptable results for these challenging sequences because using GMM and (9) the difference between outliers and the rest of pixels is boosted and so COROLA can detect intermittently moving objects better than DECOLOR.
To show the capability of COROLA, we include "OR-PCA+MRF" [28] in our evaluation; however, since this approach does not use an optimization framework, it does not perform as well as COROLA. Table 2 shows that our method outperforms the state-of-the-art.
Computational Cost
COROLA is implemented in Matlab and C++. We run all experiments on a PC with a 3.4 GHz Intel i7 CPU and 16 GB RAM. To show the role of online methods on continuous operation we compare the scalability of COROLA with DECOLOR under varying spatial resolution and the number of images.
Unlike DECOLOR, the computational cost of COROLA is independent of Table 3 . In this table, the average time for processing of each frame by DECOLOR method increases where it is an order of magnitude slower than COROLA with only 1000 images. 
Experiments on a Moving Camera
In this section, we test our method on real public sequences for moving cameras namely "Berkeley motion segmentation dataset" [38] . Table 4 shows 21 the details of five challenging sequences that we use in our experiments. we used last 30 images of the sequences, which have less camera motion. As we mentioned before, in continuous processing with a moving camera, the last images in the sequence are no longer similar to the initial ones in matrix D and therefore, any attempt to find a low-rank matrix approximation is not appreciate and doomed to fail. In contrast, since COROLA works online and only considers the last two images it can process the last two sequences of Table 4 without any problems and provides acceptable results in comparison with the DECOLOR method and an online registration based method in [9] . Table 5 shows the quantitative evaluation of COROLA in comparison with DECOLOR and the method presented in [9] . Experiments over all five sequences
show that the results of COROLA method is comparable with the DECOLOR method and also has the advantage of online methods for real-time continuous processing. Note that with more than 30 images in the sequence, DECOLOR can no longer produce a valid result due to the significant dissimilarity of the images later in the sequence from the initial ones. In contrast, our sequential method is always able to produce a valid result often with higher accuracy.
Conclusion
In this paper, we have proposed a novel online method named COROLA to detect moving objects in a video using the framework of low-rank matrix approximation. Our online framework works iteratively on each image of the video to extract foreground objects accurately. The key to our online formulation is to exploit the sequential nature of a continuous video of a scene where the back-ground model does not change discontinuously and can therefore be obtained by updating the background model learned from preceding images. We have applied COROLA to the case of a moving camera. Since our method works online and is independent of the number of images, it is suitable for real-time object detection in continuous monitoring tasks. Our method overcomes the problems of batch methods in terms of memory storage, time complexity, and camera motion. Also important to the success of COROLA is using Gaussian model to separate noise from outliers and also to tune the costs of assigning labels in MRF via σ and weights of Gaussian parameters, dynamically and automatically especially when the object moves very slow or stops for some frames. According to our extensive experiments on synthetic data and real data sequences, COROLA archives the best performance in comparison with all evaluated methods in our experiments.
Despite its satisfactory performance in all of our experiments, COROLA shares one disadvantage with DECOLOR. Since both methods have non-convex formulations, they might be converged to a local minimum with results depending on initialization of parameters; however, for the case of background modeling, images are roughly similar and parameters do not change significantly. Therefore, the issue of local minimum has not affected successful object detection in our experiments.
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